
SOVIET PHYSICS - SOLID STATE VOL. 9 , NO.4 

GITI-MB 67-0113 
S 0.1 

OCTOBER, 1967 

THE COMPRESSIBILITY OF METALS 
M. B. Gitis 

A " A" Zhdanov Leningrad State University 
Translated from Fizika Tverdogo Tela, Vol. 9, No.4 , 
pp. 1183-1186, April, 1967 
Original article submitted October 13, 1966 

Experimental results indicate that the temperature coefficient of the compressibility 
of metals is larger in the solid state than in the liquid state, although the bulk expansion 
coefficient a in the solid metal is significantly less than in the liquid metal. It is shown 
that this effect can be related to the nonuniform volume distribution of the valence electron 
gas density in solid metals . A transformation from a nonuniform to a uniform distribu­
tion increases the temperature coefficient of the compressibility and decreases a" 

Investigations of the temperature dependence of 
the compressibility {3 in metals in the solid (1) and 
liquid (2) state have shown that the temperature co­
efficient of the compressibility in the solid metal is 
somewhat greater than in the liquid, although ac­
cording to theory (3) the increase of {3 with tem­
perature is related to an increase of the interatomic 
distance, i.e., (1/{3)(d{3/dT) ~ a (a is the temper ­
ature coefficient of the volume expansion), while 
asol < aliq. The indicated experimental fact is 
probably not fully accounted for by the change of 
the carrier effective mass with temperature, or by 
various types of structural transformation, since 
it is observed in all metals which have been studied, 
including alkali and noble metals (for example silver) 
in which heating is not accompanied by these fea­
tures " Evidently this effect is related to the pres ­
ence in all solid metals of a nonuniform distribution 
of charge density" In [4] it was shown how taking 
the screening of the valence electrons into account 
within the framework of perturbation theory leads 
to an increase of the wave function in the region Ro 
(2Ro is the distance between the centers of ions). 
In the Wigner-Seitz approximation this is equiv­
alent to assuming that in the peripheral regions of 
the elementary sphere the density of the valence 
electron gas is Pi + op (p 1 is the density over the 
remaining part of the sphere). From very general 
arguments one can conclude that the intensification 
of the thermal motion of the ions on heating leads 
to a more uniform distribution of the electron den­
sity . In liquid metals, due to the absence of long­
range order, the density of the valence electron 

gas is practically uniform immediately after melting 
(5). 

We can show that this mechanism leads to an in­
crease in the temperature coefficient of the com­
pressibility in a solid metal in comparison to the 
liquid . Actually, if (T / (3)( a (3/ a T)y « 1 we have 
for the isothermal compressibility 

1 (iJ2U) If= V dV2 T " 
(1) 

Here U is the internal energy of the metal and V is 
the volume. 

The construction of a rigorous quantum theory 
of the cohesive forces in a metal encounters a whole 
series of difficulties; therefore, the dependence of 
U on V will be estimated on the basis of the statis ­
tical iheory of metals [3]. Such an approach in the 
present case is also quite convenient because with­
in the framework of statistical models the difference 
between a liquid and a solid metal vanishes, since 
long-range order is not assumed. In this model the 
internal energy is composed of the kinetic energy of 
the electron gas. the electron-ion attraction energy, 
and the ion-ion interaction energy (the appearance 
of the latter term is related to the overlap of the 
inner electron shells of neighboring ions; this al­
ways occurs in polyvalent and noble metals ) . We 
assume that the transition to a more uniform dis ­
tribution of the valence electron density does not 
much alter the ionic interaction, and also the depth 
to which the conduction electrons penetrate the elee­
tronic orbitals of the ions [3]; therefore, we will 
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write he re only the principal components of the in­
ternal energy,. which de pend on the charge density 
distribution. According to [31, the electrostatic and 
kinetic energies of the valence electrons can be writ­
ten in the form 

Ec = ~ 21t (R~ - ~) p2dQ, Ek = 2.87e'/'GoP'/,Q, 
\I 

and the Coulomb interaction energy of a point ionic 
charge with the valence electrons is 

Here the integration runs over the elementary sphere 
volume Q, e is the electron charge, z is the valence, 
a 0 is the Bohr radi us, and 

Integrating and considering that 

Pog = PIQI -+ (PI -+op) boQ, 

where Po is the density of the electron gas with a 
uniform distribution, Q 1 == %7r (Ro - e)3, I::>. Q == 

0/3 7r [R~ - (Ro - 8)3], Po == ze/(4/3) 7rR5, we find that 
to order op 2 the change I::>.U in the internal energy 
of the electron gas in going from a nonuniform elec­
tron density distribution to a uniform one is 

'u - 8 _~ ' RS[S (Ro-S)2 
L.l -15" PlOP 0 ~ 

(2) 

In other words, I::>. U 2: 0 (the roots of the equa­
tion in the square brackets are e == 0 and e == Ro, 
which corresponds to the equilibrium distribution), 
i.e., the transition to the more uniform spatial dis­
tribution of the electron gas density is accompanied 
by an increase in the role of the attractive forces. 
We will transform expression · (2) to a form more 
convenient for investigation. We introduce 0 q = 

opl::>.Q == const, and Po is replaced by 3ze 147rR~. 
Then 

(3) 

If 0/Ro« 1. we have I::>.U ~ (3/10) • (1/Ro)zeoq, 
i.e., in the region of very low te mperatures the 

energy of the metal does not depend on the distribu­
tion of the valence electrons. If we retain the terms 
linear in e,then 

S 
1+-

bou~ ~%C~q(1_2~) ~ 
-10 Ro Ro 1 ~. 

- Ro 

(4) 

Turning to the calculation of the temperature 
coefficient of the compressibility in a solid metal, 
we have from (1) 

(5) 

Here "X.o is the temperature coefficient of the com­
pressibility with a uniform distribution of the elec­
tron density. Consequently, for sufficiently low 
temperatures, (1 I {3 )(d{3 I dT) ~ "X.o' With increasing 
temperature the temper:,l.ture coefficient of the com­
pressibility increases and (1 I (3) (d{3 I dT) > "X.o since 
aulae < O. In the high-temperature region, for 
large e, au lae increases perceptibly, which is ac­
companied by a still greater growth of (ll{3)(d {3 ldT). 

Such a qualitative picture is observed experimental­
ly (see [1, 6]); at low temperatures the compressibil­
ity increases 1.5 to 2 times slower on heating than 
at room temperature; near the melting point the 
temperature dependence of the compressibility be­
comes quite nonlinear. 

Incidentally we note that the mechanism under 
consideration decreases the temperature coeffi­
cient of the bulk expansion of a solid metal in com­
parison to the liquid. To be specific we consider 
alkali metals . According to [3], for a uniform dis­
tribution of the electron denSity we have the follow­
ing expression for the energy: 

C B 
U=-7[;- R3 ' 

in which the equilibrium distance Ro between the cen­
ters of ions, which is found from the condition 
au / oR == 0, is (3B/C) 1/2, where Band C are certain 
constants. In such a treatment Ro does not depend 
on tempe rature and the bulk expansion coe fficient 
is determined by anharmonic effects only. Taking 
(3) into account givcs an additional dependence of 
Ro on the temperature, so that for quitc low tem­
peratures the mechanism under consideration does 
not contribute to a, while for higher temperatures 
we have 

where ao is the bulk thermal expansion coeffi-
cient for a uniform distribution of eleotronic charge. 
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All abbreviations of periodica ls in the above bibliography 

a re letter ... by-letter transliterations of the abbreviations as 

given in the original Russian journal. Some or a ll 01 this 

periodical literature may well be available in English trans .. 

iation. A complete list of the caver-lo-cover English trans­

lations appears at the bacK of the first issue o f this year. 
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